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Abstract. The results of a previous paper, concerned with the first family of two-parameter
Pdschl-Teller potentials, are used to obtain potential and dynamical potential algebras for
the subfamily of one-parameter symmetrical Péschl-Teller potentials. They are respectively
identified with so(3) and so(3, 1) algebras, and shown to be subalgebras of the so(4)
potential and sl(4,R) dynamical potential algebras of the two-parameter potentials. All
the Hamiltonian eigenstates, corresponding to the subfamily of potentials with quantised
potential strengths u differing by an integer, are proved to belong to a single degenerate
continuous unitary irreducible representation of so(3, 1), which may be labelled by gen-
eralised Young pattern labels [w0], where w = —1+3in, and » is some real parameter. An
sp(4, R) =s0(3, 2) algebra is also constructed and shown to provide an alternative choice
for the dynamical potential algebra of the symmetrical potentials. All the above-mentioned
eigenstates belong to a single sp(4, R) unitary irreducible representation of the positive
discrete series, which may be labelled by its lowest weight (31). Such an alternative choice
for the dynamical potential algebra, however, does not lead to a unified treatment of the
one- and two-parameter potentials as does the first one.

1. Introduction

In the preceding paper (Quesne 1988, hereafter referred to as I), we extended the so(4)
potential algebra of the first family of two-parameter Poschl-Teller potentials (Barut
etal 1987) to an sl(4, R) dynamical potential algebra. We based this construction on
a relation between the solutions of the first Pdschl-Teller equation and the Wigner
rotation matrices, and showed that all the eigenstates, corresponding to the family of
potentials with quantised potential strengths (m', m) differing by integers, belong to
the carrier space of a single si(4, R) ladder unitary irreducible representation (irrep),
D490, 0; n) or D494, 4; n), according as m’' and m are integral or half-integral,
respectively.

In the present paper, we show that the results of I can be easily specialised to the
subfamily of one-parameter symmetrical Pdschl-Teller potentials. For the latter, the
solutions of the Schrodinger equation can be simply related to the spherical harmonics.
We also prove that potential and dynamical potential algebras for this subfamily are
provided by so(3) and so(3, 1) subalgebras of so(4) and sl(4, R), respectively.

We then contrast this approach with another one, leading to an sp(4, R) =so(3, 2)
dynamical potential algebra. The latter is similar to that used by Alhassid et al (1983,
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4502 C Quesne

1986), dealing with a corresponding subset of the second family of Pdschl-Teller
potentials, and is also related to a recent algebraic study of the spherical harmonics
(Humi 1987). We emphasise and propose a solution to a problem, previously left
unnoted, arising in the construction of sp(4, R).

2. The one-parameter Poschl-Teller equation

By setting k = A in the two-parameter Pdschl-Teller potential (Péschl and Teller 1933)
_ hia’ (K(K -1) +)\(/\ —1))
" 2M \sin®(ax) cos*(ax)

where a defines the range of x (x€[0, w/2a]), we obtain a one-parameter potential,
symmetrical around #/4a. The corresponding Schrédinger equation can be written as

[_h_zd_z 2h%a® k(k—1)
2M dx* M sin?(2ax)

Vv

K, A>1 2.1)

E,,:lw,,(x)=0 k>1 (2.2)

where n €N labels the eigenvalues E, and the wavefunctions ,(x). In terms of the
alternative parametrisation (m’, m) used in I, the condition k =A >1 leads to the
relations

m=0 K=pn+3 w>1 (2.3)

where w is substituted for m’. In accordance with (2.3), the wavefunctions will
henceforth be denoted by ¢{*(x).
As in I, the solutions of (2.2) can be obtained by performing the change of variable

x=(m—0)/2a [0, 7] (2.4)
where 6 is now used instead of B. The eigenvalues are given by
E,=2#%a’A,/M A, =(p+n+d)*=(k+n)? neN. (2.5)
Provided that

I=pu+n neN ‘ (2.6)

where [ and u are restricted to positive integral values, the wavefunctions can be
expressed as

v (x)=[(21+1)asin 0]”2dL0(6)
= (=D*[(I+ )] [QI+1)(I—p)asin 8]/ Pt (cos 8) (2.7)
where dLO(B) is a Wigner rotation matrix element, and P{(cos #) an associated
Legendre function of the first kind (Biedenharn and Louck 1981).
By introducing an additional dependence on one auxiliary angular variable ¢ €

[0, 27), which plays the same role as the variable a in I, the functions (2.7) are
transformed into the extended wavefunctions

Vi(x, @) = (2m) " explipe) ¥ (x, @)
=(2asin 6)"?Y,,(6, ¢) (2.8)

where Y, (6, ¢) denotes a spherical harmonic. Hence, the construction of a dynamical
potential algebra for the subfamily of symmetrical PGschl-Teller potentials is equivalent
to that of a dynamical algebra for the spherical harmonics.
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It is important to note that the correspondence between the wavefunctions ¢'(x)
and the Legendre functions Pi(cos 8), or between the extended wavefunctions
¥{*)(x, ¢) and the spherical harmonics Y, (6, ¢) is not one-to-one. Indeed, from (2.3),
the functions ¢*’(x) may only be considered as true wavefunctions for positive u
values. On the other hand, from the symmetry properties of Legendre functions
(Biedenharn and Louck 1981), it results that

P (x) = (1) (x). (2.9)

Hence, for negative w values, the functions \/*’(x) are but replicas of the wavefunc-
tions. Moreover, the functions ¢'”'(x) have no counterpart in the set of wavefunctions,
and must therefore be considered as unphysical. In conclusion, a relation between
the (extended) solutions of the one-parameter Poschl-Teller equation and the Legendre
functions (spherical harmonics) can be obtained only at the cost of adding to the
former one replica of the whole set, as well as some unphysical functions.

In the next section, we shall proceed to construct a potential algebra for the
symmetrical PGschl-Teller potentials, then extend it to a dynamical potential algebra.

3. The so(3) potential algebra of the symmetrical Poschl-Teller potentials and its
embedding into an so(3, 1) dynamical potential algebra

Equation (2.7) states that the wavefunctions '/*'(x), corresponding to the symmetrical
Poschl-Teller potentials, form the m =0 subset of the set of wavefunctions associated
with the two-parameter potentials. As we showed in I that so(4) and si(4,R) are
potential and dynamical potential algebras for the two-parameter potentials, respec-
tively, one may suspect that restriction to appropriate subalgebras will yield potential
and dynamical potential algebras for the symmetrical potentials.

Let us first consider the so(4) =su(2)@®su(2) potential algebra of the two-parameter
Pdschl-Teller potentials, whose generators .70, f:, IZO and K. were defined in equation
(3.18) of I. Only those generators, which do not change the m value, leave invariant
the subspace spanned by the wavefunctions with m =0. Such operators are Jo and fi,
and will henceforth be denoted by I:o and L.+t. After deleting their dependence on vy
and substituting ¢ for a, they can be written as

Lo=-ia, L.=e™[¥(2a) s, ~icot(2ax)a, £} cot(2ax). (3.1)
It can be easily checked that they satisfy both the so(3) commutation relations

[Lo, L.]==L. (L., L )=2L, (3.2)
and the so(3) hermiticity properties

(Ly)'=L, (L)'=L. (3.3)

with respect to the measure dx de.
Their action on the extended wavefunctions (2.8) can be directly obtained from
equation (3.19) of I, and is given by the relations

L~0\I,(n’u')(x9 <P) = /“L\Ij(n“)(xa QD)

. . (3.4)
LV (x,)=[nQ2u+n+1D]"¥ET(X @)

+ These operators should not be confused with the so(4) generators Ll,, considered in 1.
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and a similar equation for f_, obtained from (3.3). Moreover, the so(3) Casimir
operator L? is connected with the Hamiltonian of equation (2.2) (where —id, has been
substituted for ,u) by the relation

=YL, L +L_L)+Li=M@2n%*'H-1 (3.5)
Its action on the extended wavefunctions is given by
LY (x, @) = I+ 1DV (% ) = (A =DV (%, ¢) (3.6)

where [ is defined in (2.6). ,

The extended wavefunctions ¥{*'(x, ¢), corresponding to a given [ value, therefore
belongto the carrier space of an so(3) irrep characterised by /. Since the so(3) generators
L,and [_ give rise to transitions between extended wavefunctions corresponding to
the same energy, but to potential strengths differing by integers, we conclude that so(3)
is a potential algebra for the symmetrical Poschl-Teller potentials.

A similar procedure may be used to construct an so(3) symmetry algebra for the
spherical harmonics, considered as special cases of rotation matrix elements. This is
just the standard angular momentum algebra in spherical coordinates, which will be
considered again in the next section.

Let us now turn to the sl(4,R) dynamical potential algebra of the two-parameter
Poschl-Teller potentials, generated by JO, Ji, KO, K and the operators Tm, g, r=+1,
0, —1, defined in equation (4.18) of 1. Those operators, which leave m unchanged,
are JO, J. and TC,O, o=+1,0, -1 After deleting their dependence on v, substituting
¢ for a, and renormalising Tco, we obtain the operators Lo and Li, defined in (3.1),
as well as the operators

A,=i(2a) ' sin(2ax)s, +1(2i—n) cos (2ax) (3.7a)
and

A, =e*[i(2a)™" cos(2ax)a, F cosec(2ax)d, — i cosec(2ax) —(2i— n) sin(2ax)]
(3.7b)

where, as in I, n is a parameter which may take any real value.
Since the operators (3.7) satisfy the commutation relations

[I:o, A~0]=0 [io, A:{:]=iA~:
[L.,A.]=0 (L., A:]=+£24, [L.,A]=7A. (3.8)
[/&oﬂ&zh;ii [A+,/&_]=—2L~0
and the hermiticity properties
(150){- = /io (A=A, (3.9)

with respect to the measure dx d¢, we conclude that, together with L, and L~i, they
generate an so(3, 1) algebra.

Their action on the extended wavefunctions directly results from equations (4.19)
and (4.20) of 1, and is given by

AW (x, 0)=—[i(u+n+1)—inll(n+1)Q2u+n+1)]"?
X[Q2u+2n+1)2u+2n+3)17 W H (x, @) +[i(n +n)+4n]
x[(nQRu+m] [Qu+2n=-1)Q2u+2n+1)]" ¥ H (x, ¢) (3.10a)
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AW H(x, @) =[i(u+n+1)—inl[Qu+n+1)(2u+n+2)]"?
X[Qu+2n+1)Q2u+2n+3)] ¥ V(x, o)+ [i(w+n)+in]
X[(n=1)n]"[Qu+2n-1)2u+2n+1)]"2¥*5V(x, ¢) (3.100)

and a similar relation for A_, obtained from (3.9). From (3.10a), it follows that the
operator Ao glves rise to transitions between extended wavefunctions ¥{*'(x, ¢) and
¥ (x, @), n"=n-1, n+1, corresponding to the same potential, but to different
energies. The so(3, l) algebra is therefore a dynamical potential algebra for the
symmetrical Poschi-Teller potentials.

Energy raising and lowering operators &,,, %, corresponding to the ladder operators
of the factorisation method (Infeld and Hull 1951), can be easily constructed in the
enveloping algebra of so(3,1). A possible choice is

R, =(FLor) =Qu+n+ DA +A_L. (3.11)
where
RV E(x, @) =[-i(u+n+D)+inl[(n+1)Qu+n+1)2u+2n+1)]""?
X (2u+2n+3) VAU (x, @) (3.12)
and
LV (x, ) =[i(pw+n)+inl[nQu+n)2u+2n-1)1""7
X(2u+2n+1)" W (x, @). (3.13)

Raising and lowering operators R, &, which do not refer to the index » of the function
being operated upon, can be obtained from (3.11) by considering the operator

[=(F2+hv2-1 (3.14)
whose eigenvalue, corresponding to W', is I = u +n. They are given by

R=L"=A(L+L,+1)+A_L, (3.15)
and act on ¥*’ in the same way as ®, and &,, respectively.

A similar procedure may be used to construct an so(3, 1) dynamical algebra for
the spherical harmonics, considered as special cases of rotation matrix elements. Such
an algebra was previously obtained by another method (Vilenkin 1968).

As shown by (3.4) and (3.10), all the functions ¥{#'(x, ¢), for which u =1,2, ...,
andn=0,1,2,...,belongto the carrier space of a single degenerate continuous unitary

irrep of so(3, 1) (Gel’fand et al 1963, Naimark 1964). As additional evidence, we note
that, in the realisation defined by (3.1) and (3.7), the two so(3, 1) Casimir operators

[-A=YL, L +0 L)+3-YA. A +A_A.)-A} (3.16a)
and
L A=NL A +L_A)+ LA, (3.16b)
assume unique numerical values, given by

[’-A*=-1-(n) L-A=o. (3.17)

Comparison with the eigenvalues w(w+2) and 0 of the so(4) Casimir operators,
corresponding to a one-row irrep, shows that the so(3, 1) irrep we have to deal with
may be labelled by the (generalised) Young pattern [w0], where w = —1+3in. Note
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that a basis of its carrier space includes not only the extended wavefunctions ¥ *’(x, ¢),
where u=1,2,...,and n=0,1,2,..., but also the additional functions ¥'*'(x, ¢),
where u=0,-1,-2,...,and n=0,1,2,....

In conclusion, we have proved that the so(3) and so(3, 1) subalgebras of so(4) and
sl(4, R) provide us with potential and dynamical potential algebras for the symmetrical
Poschl-Teller potentials, respectively. Their construction and the determination of
their action on the wavefunctions have been carried out in a straightforward way from
the corresponding results for the two-parameter Pdschl-Teller potentials. In the next
section, we shall contrast this approach with another one leading to an sp(4,R)
dynamical potential algebra.

4. The sp(4, R) dynamical potential algebra of the symmetrical Poschl-Teller
potentials

By applying the algebraic version (Miller 1964, 1968, Kaufman 1966) of the factorisation
method (Infeld and Hull 1951), Humi (1987) has recently constructed a dynamical
algebra for the spherical harmonics, which he claimed to be so(3,2)=sp(4, R).
However, if its generators have appropriate commutation relations, they do not have
the required hermiticity properties to qualify for a skew-Hermitian representation of
so(3, 2) =sp(4, R) generators (corresponding to a unitary representation of the associ-
ated group). The origin of this shortcoming can be traced back to the factorisation
method. The generators are indeed obtained from ladder operators arising from both
factorisations of class I and II, and corresponding to different scalar products. In the
present section, we shall first show how such a drawback can be cured and a skew-
Hermitian representation of so(3, 2) =sp(4, R) constructed, and will then apply the
results obtained for the spherical harmonics to the symmetrical Poschl-Teller potentials.
The Legendre functions P{(cos @) are solutions of the differential equation

[~d2;—cot 8 d,+ u” cosec® 8 — I(I+1)] P} (cos 8) =0. (4.1)

Raising and lowering operators in w are obtained from a class I factorisation (Infeld
and Hull 1951). After introduction of one extra angular variable ¢ € [0, 27), they lead
to the standard angular momentum operators

L.=e*"(x£d,+icot 83,) (4.2)
acting on the spherical harmonics Y, (6, ¢) as follows:

L.Y,(6,¢)=[(IFu)(I£u+1)]"?Y,...(6 ¢). (4.3)
Together with

Ly=-is, (4.4)
characterised by the property

LoY, (6, ¢)=nY,(6,¢) (4.5)

the operators L, and L_ span an so(3) algebra. Their commutation properties and
hermiticity properties are

[Lo, L.]==L. [Li, L ]=2L, (4.6)
and
(Lo)* =L, (Li).:‘ =Lz, (4~7)



Symmetrical Péschl-Teller potentials 4507

Raising and lowering operators in [ are derived from a class II factorisation (Infeld
and Hull 1951). By introducing an additional dependence on one extra angular variable
x €[0,27), they give rise to the operators (Humi 1987)

U, =e**[+sin 6 3, +cos 6(—ia, +1£3)]. (4.8)

Together with

Up=—id, +3 (4.9)
the latter span a Lie algebra since

[U,, U.]=+0. (0., U.1=-2U,. (4.10)
The action of the operators U, and U. on the functions

Z,.(6, ¢,x)=(2m) " ? explilx) Y, (6, ¢) (4.11)
is given by

UoZ,. (6, @, x) = (1+3)Z,.(6, ¢, x) (4.12)
and
UsZ, (6, ¢, x) =[(1—p+ DU+ p+ 1)1+ D1V221+3)72Z1., (6, ¢, x) (4.13a)
U.Z,(8, ¢, x) =[(1= )1+ )21+ 1121 =172, (6, ¢, x) (4.13b)

respectively. Equations (4.13a) and (4.13b) directly result from the action of the ladder
operators of the factorisation method on Y}, (6, ¢) by taking into account the change
of normalisation occurring when going from one factorisation to the other (Infeld and
Hull 1951, Humi 1987).

From (4.10), Humi concludes that the operators U, and U, (that he actually denotes
by K, and K_) span an so(2, 1) algebra. However, since the functions Z,, (6, ¢, x) are
orthonormal with respect to a scalar product defined in terms of the measure
sin 8 d6 de¢ dy, from (4.12) and (4.13), it follows that

(Up)" = U, ‘ (4.14)
but that
(U # U. (4.15)

with respect to this scalar product. This can also be shown directly on the differential
operators (4.8) and (4.9). Hence, the operators U, and U. do not provide a skew-
Hermitian representation of so(2, 1).

Operators with the right Hermitian conjugation properties can be constructed in
the following way. From (4.12), we note that, in the space spanned by the orthonormal

functions Z,, (8, ¢, x), 1=0,1,2,..., —I< p <, the Hermitian operator Uj is positive
definite. Hence, in such a space, the operators
U.=UY*U.U;V? (4.16)

are well defined. It can be easily shown that, together with U, they satisfy commutation
relations similar to (4.10). Moreover, from (4.12) and (4.13), it follows that their action
on the orthonormal functions Z,, (6, ¢, x) is given by

UrZ, (6,0, x)=[U—p+1D)(U+p+1)]7Z, (6,0, x) (4.17a)
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and

U_-Z,(6, ¢, x)=[(I=w)(I+u)]"*Z, (6, ¢, X) (4.17b)
showing that
(U =U_. (4.18)
The operators U, and U. are therefore the searched-for so(2, 1) generators.
From (4.12) and (4.17), we conclude that the functions Z,, (6, ¢, x), corresponding

to I=|ul, |ul+1,...,and a given u value, span the carrier space of an so(2, 1) unitary
irrep, belonging to the positive discrete series. The lowest weight function is

Z,,.(8, ¢, x) and its weight || +3 may be used to characterise the irrep. The so(2,1)
Casimir operator

Ul=U,U_-Ui+ U, (4.19)
is such that

U*Z, (8, ¢, x) = —(lu|+2) (|| =3 Z,. (6, @, x). (4.20)

By forming the commutators of U, and U. with L, and L_ (now acting in the
space of functions Z,,), we obtain four additional operators:

V.==x[L., U.] W.==+[L-, U.]. (4.21)
The latter may also be written as
V.= UYV. UG W.=Uy*W. U5 (4.22)
where
V.==[L., U.]
=e™*" [+ cos 6 5, +i cosec 8 6, —sin 8(—id, +3+3)] (4.23)
and
W.==[L., U.]
=e " “"X[Fcos 0 9, +1i cosec 8 9, +sin 6(—i 3, +3=x3)] (4.24)

correspond to the operators R, —L_, L, and —R_ of Humi (1987), respectively.
As can be easily checked, the ten operators Ly, L., Uy, U., V. and W, close
under commutation and satisfy, the relations

(V:f: V= (W:)+= W2 (4.25)
in addition to (4.7), (4.14) and (4.18). From their commutation relations and hermiticity
properties, it can be recognised that they provide a skew-Hermitian representation of
sp(4,R). Their relation with the standard sp(4,R) generators E; = (E;)’, D} =Dj,
D;=D;=(Dj}), i,j=1, 2 (Deenen and Quesne 1984) is

E11=L0+ UO E22=_LO+UO E12=L+ E21=L_
DII =V, Diz =U, D§z= W (4.26)
D” - V__ D12= U_ D22= W_.

The non-zero commutators of such operators are given by
[Eij, Ekl] = 6jkEil - 5i/Ekj
[Ey, Diu]l = 8uDiy+ 8D [Ej, Di] = —8uDj ~ 84Dy (4.27)
[Dy, Di]= 84Ej;+ 8,Ex + 8 Ey + 8 Es.

ijs
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The set of generators (4.26) can be divided into three subsets of raising, weight and

lowering type as follows:
D:ja E\; Ey; Dij; E;, (4.28)

where the subsets are separated by semicolons.
The action of the sp(4, R) generators on the functions Z,, (6, ¢, x) can be easily
determined from (4.3), (4.5), (4.12), (4.17) and (4.21), and is given by

EnZ,(8, ¢, x)=(+u+3Z.(8, ¢, x)

EnZ,(8,¢,x)=(-p+3Z,(6, ¢, x)

EnnZ, (6,0, x)=[(1-pw)(I+n+1)]"?Z,,.1(6, ¢, x)

D\1Z,(8, ¢, x)=[(I+p+ DU+ u+2)1"2Z111 4106, ¢, x) (4.29)
D12Z, (6,0, x)=[(I=pn+1D)(I+u+1)]1"2Z.,, (6, ¢, x)

D3Z, (6,0, x) =[(I=p+ 1)~ u+2)1"*Z., .-1(6, ¢, x)

and similar relations for E,,, D,,, Dy, and D,,, resulting from their hermiticity
properties. The set of functions Z,, (6, ¢, x), [=0,1,2,..., —I< pu <] therefore span
the carrier space of a single sp(4, R) unitary irrep, belonging to the positive discrete
series. The lowest weight function is Zy(6, ¢, x). Its weight (3,1) may be used to
characterise the irrep, which is denoted by (33) (Deenen and Quesne 1984). In the
present realisation, the two Casimir operators of sp(4, R) assume unique numerical
values. The quadratic one, for instance, is given by

FZEZ (EijE‘ji—'Dijij)_s Z E,= "'g‘- (4.30)
ij i
Since the sp(4, R) and so(3, 2) algebras are isomorphic, we may also relate the ten

operators Ly, L., Uy, U., V. and W_ with so(3, 2) generators M, = —M,, = (M,,)",
a, b=1,...,5, satisfying the commutation relations

[Maba Mcd] = i(gachd - gadec - gbcMad + gbdMac) (431)

where the metric tensor is g,, = diag(+1, +1, +1, —1, —1). The relations are

Mp,=1L, My =3L,+L.) My =—3i(L,— L)

M,s= U, M,s=3(U,+U_) M,y =—35(U,— U.) (432)
M, =3i(V.-V_—W,.+ W) My, =XV, +V_+W. +W)
Ms=3(-V,=V_+ W, + W) Mys=5i(V.=V_+ W, - W.).

The description of the algebra in sp(4, R) terms being much simpler, we shall pursue
its analysis in so(3,2) terms no further and proceed to apply our results to the
symmetrical Poschl-Teller potentials.

In the same way as we extended the spherical harmonics Y, (6, ¢) to functions
Z,(6, @, x), let us go from ¥'*'(x, ¢) to the new functions

E(x, @, x)=Q2m) " expli(p +n)x ]V (x, @)
=(27) " expline +i(u +n)x]¢i(x). (4.33)
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From (2.6), (2.8) and (4.11), the latter can be expressed in terms of the functions
Z,,(6, ¢, x) by the relation

EW(x, ¢, x)=(2asin 6)*Z,,(6, ¢, x). (4.34)
Hence, sp(4, R) generators acting in the space spanned by the functions E*(x, ¢, x),
w=0,=1,x2,..., n=0,1,2,..., can be derived from the corresponding operators

for the functions Z,,(6, ¢, x) by applying a similarity transformation by (sin 8)'"/?,
followed by the change of variable (2.4). The resulting operators are denoted by the
same symbols with an extra tilde. In addition to the generators LO and L, of the so(3)
potential algebra, already obtained in (3.1), we find the additional operators

U, =—ig, +3
U, = UY? e*X[=(2a) " sin(2ax)s, +i cos(2ax)a, —1 cos(2ax)] Uy
V.= U2 e*¢0(1(2a)"" cos(2ax)d, +i cosec(2ax)a, +i sin(2ax)a,

—sin(2ax) = cosec(2ax)} Uy 2 (4.35)
W.=UY?e™ ¢ ™X{x(2a)7" cos(2ax)s, +i cosec(2ax)d, —i sin(2ax)d,

+1[sin(2ax) = cosec(2ax)1} Uy /%
They satisfy hermiticity properties similar to (4.14), (4.18) and (4.25), with | respect to
the measure dx de dy. From them, sp(4, R) generators in standard form, E,], ij and
D,, can be obtained by using relations similar to (4.26).

From (2.6) and (4. 29) the action of these operators on the extended wavefunctions

EMx o x), u=1,2,...,n=0,1,2,..., is given by

EL EW(x, ¢,x) =Qu+n+HEL(x, ¢, x)

EnEW(x ¢, x) = (n+HEF(x, ¢, X)

ELEW(x, 0, x) = [n2u+n+ DTEE(x, ¢, )

D’HE(H“’(X e, x)=[Qu+n+DQ2u+n+2)]"’EFV(x, ¢, x)

DLEX (x, ¢, x) =[(n+1)2u +n+ 1)1’ EH(x, ¢, x)

DLEWM(x, @, x)=[(n+1)(n+2)]*EE3"(x, ¢, x)

and similar relations for Ez,, Dl,, D,2 and Dzz. All such functions belong to the
carrier space of an sp(4, R) irrep (3%), whose lowest weight function is the unphysical
function

ijs

(4.36)

E6(x, ¢, x) = (27) '[a sin(2ax)]'"%, (4.37)

The generators D], and D,, give rise to transitions between functions i/’ and =%/,
or Z#),, corresponding to the same potential, but to different energies, and are therefore
energy raising and lowering operators, respectively. Hence, sp(4, R) is an alternative

dynamical potential algebra for the symmetrical Pdschl-Teller potentials.

5. Conclusion

In the present paper, we have proved that the so(3) potential algebra of the symmetrical
Poschl-Teller potentials can be embedded into either an so(3,1) algebra, or an
sp(4, R)=s0(3, 2) one, and that both of them may serve equally well as a dynamical
potential algebra.
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However, if so(3,1) can be obtained as a subalgebra of the sl(4, R) dynamical
potential algebra of the two-parameter Pdschl-Teller potentials, the same is not true
for sp(4, R). Comparison of (3.1) and (4.35) with (3.18) and (4.18) of I indeed shows
that the embedding of sp(4, R) into sl(4, R), although conceivable in principle, cannot
be carried out with the present realisations. Moreover, extension of the so(3, 2) algebra,
isomorphic to sp(4, R), to an so(4, 2) algebra for the two-parameter potentials must
be ruled out for reasons detailed in I.

Hence, only so(3, 1) leads to a unified treatment of the one- and two-parameter
Poschl-Teller potentials, and, for this reason, should supersede sp(4, R) as a dynamical
potential algebra of the one-parameter symmetrical Poschl-Teller potentials.

References

Alhassid Y, Giirsey F and lachello F 1983 Ann. Phys., NY 148 346

—— 1986 Ann. Phys., NY 167 181

Barut A O, Inomata A and Wilson R 1987 J. Phys. A: Math. Gen. 20 4075

Biedenharn L C and Louck J D 1981 Angular Momentum in Quantum Physics (Reading, MA: Addison-
Wesley)

Deenen J and Quesne C 1984 J. Marh. Phys. 25 2354

Gel'fand I M, Minlos R A and Shapiro Z Ya 1963 Representations of the Rotation and Lorentz Groups and
their Applications (Oxford: Pergamon)

Humi M 1987 J. Phys. A: Math. Gen. 20 4577

Infeld L and Hull T E 1951 Rev. Mod. Phys. 23 21

Kaufman B 1966 J. Math. Phys. 7 447

Miller W Jr 1964 Mem. Am. Math. Soc. no 50

——— 1968 Lie Theory and Special Functions (New York: Academic)

Naimark M A 1964 Linear Representations of the Lorentz Group (Oxford: Pergamon)

Poschl G and Teller E 1933 Z. Phys. 83 143

Quesne C 1988 J. Phys. A: Math. Gen. 21 4487

Vilenkin N Ja 1968 Special Functions and the Theory of Group Representations (Providence, Rl: American
Mathematical Society)



